In this paper, we give an analytic approximation to the solution of the Thomas-Fermi equation using the homotopy analysis method and with the use of a polynomial exponential basis.
Introduction
The Thomas-Fermi equation presented in the Thomas-Fermi atom model [1, 2] has the form
and with the boundary conditions
This equation describes the spherically symmetric charge distribution for a multielectron atom. It has a singularity at t = 0 and was dealt by a group of methods, see e.g., [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , but most of them are not purely analytic. The homotopy analysis method is a powerful tool introduced by Liao [17, 18] to give analytic approximations for nonlinear problems. Unlike other methods such as perturbation [19, 20] which depends upon the existence of small or large parameters in the studied equation and the Adomian decomposition method [21] which gives local convergent regions for the solutions, the homotopy analysis method does not depend upon small parameters and proposes a direct way to control the convergence of approximation series. This method was applied by Liao [22] , for the ThomasFermi equation, to give a purely analytic solution for this equation using a fractional basis. Also, Liao proved a convergence theorem concerning the solutions of the Thomas-Fermi equation in this article. Here we apply the homotopy analysis method, for the same equation, to investigate its analytic solution, but with the use of a polynomial exponential basis.
A transformation of the form
where λ is a parameter to be determined later, transforms Eq. (1) to the equation
with the new boundary conditions
Equation (4) is one which has a strong nonlinearity. We apply the homotopy analysis method to this equation and then deduce the corresponding results for Eq. (1). The parameter λ, in Eq. (4), is chosen such that we have best approximations.
Application of the homotopy analysis method
In the application of the homotopy analysis method to Eq. (4) and considering the conditions (5), we take the polynomial exponential basis
Since Eq. (4) contains the variable x, this choice of the basis is reasonable then if we choose the exponential basis only.
We express the desired solution by the rule of expression
(A n,m are coefficients).
According to (4), (5), (6) and (7), we choose, respectively, the initial approximation and the auxiliary linear operator as follows:
We construct the so-called zero-order deformation equation
subject to the boundary conditions
where h is an auxiliary parameter, H(x) is an auxiliary function and q is an embedding parameter varied from 0 to 1. As q varies from 0 to 1 the solution of Eq. (10) varies from the initial approximation to the exact solution of Eq. (4).
Thus we have
In Eq. (10) , N is a nonlinear operator defined as
By means of the Taylor power series, at q = 0, we have
where
If the parameter h is properly chosen such that the series (14) is convergent at q = 1, then from (12)
Now differentiating the zero-order deformation Eq. (10) m times with respect to q and setting q = 0 and finally dividing it by m!, we obtain the m-th order deformation equation
The solutions of the Eq. (17) are called the m-th deformations, m ≥ 1, and these deformations may satisfy the boundary conditions
The auxiliary function H(x) may be chosen such that there is no contradiction with the rule of expression (7), that is no strange terms appear in the subsequent deformations from that of this rule. Also this choice may be consistent with the rule of coefficient ergodicity, that is coefficients in (7) can be modified to ensure the completeness of the set of base functions.
The solutions of Eq. (17) can be obtained by a symbolic software such as Mathematica, and it results that its solutions can be expressed as (5) is then
and consequently the M -th order approximation for the solution of Eqs. (1), (2) takes the form
The totally analytic solution of Eqs. (1), (2) is
The best values of both the parameters λ and h which control the convergence of the approximations of kind (23) can be studied by investigating the convergence of the series of u (0) and plotting the so-called h-curve which takes a horizontal line through the position of convergence.
Results of the application
It is found that the auxiliary function H(x) can be chosen to take the value, H(x) = 1, to get best consistent analytic approximations. Computing these approximations up to the 30th order and plotting the curve of u (0) versus λ for different values of the parameter h, we gain the fact that λ can be chosen to take the value λ = 0.5. Figure 1 As pointed by Liao [22] , the energy of a neutral atom in the Thomas-Fermi model is determined by the equation where Z is the charge. The value u (0) in Eq. (25) which represents the initial slope of the Thomas-Fermi equation, was computed by Kobayashi [23] to be u (0) = −1.58807, which can be approached via increasing the order of approximation. Figure 4 investigates the h-curve of u (0), and we have the value u (0) = 33.25 at h = −0.5. This value increases rapidly as the order of approximation increases and is consisting with the fact that u (0) → ∞ as t → 0, which follows from Eq. (1). Thus we cannot use u (0) to control the convergence of the approximation series.
Conclusion
This paper used the homotopy analysis method to obtain analytic approximations for the Thomas-Fermi equation via a polynomial exponential basis and proved the flexibility and the great ability of this method to deal nonlinear problems for any set of base functions and also to control the convergence of resulting approximation series with a high degree of efficiency.
